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Abstract
We show that massless solutions to the Einstein-Vlasov system in a
Bianchi I space-time with small anisotropy, i.e. small shear and small
trace-free part of the spatial energy momentum tensor, tend to a radiation
fluid in an Einstein-de Sitter space-time with the anisotropy ΣabΣ
b
a and
w˜
i
jw˜
j
i decaying as O(t
− 1
2 ).
1 Introduction
The massless and massive Einstein-Vlasov equations have been objects of inten-
sive study in mathematical general relativity at least since Rendall drew atten-
tion to them in the early 1990’s [16] (see the review [1] for material to 2011).
More recently, the stability of Minkowski space among solutions of massless
[21] and massive [5, 13] Einstein-Vlasov have been shown, and the methods of
Friedrich [7] have been extended to establish existence for massless Einstein-
Vlasov with data at space-like future-null-infinity I in the presence of positive
cosmological constant (Λ > 0) or data on an asymptotically hyperbolic initial
surface with Λ = 0, [9].
Massless Einstein-Vlasov has better behaviour under conformal rescaling
than massive. This was exploited in [9], and in the opposite direction in [2] and
[3] to establish local existence with data given at a conformal gauge (or isotropic)
cosmological singularity. In [10] long-time existence and asymptotic behaviour
for massive Einstein-Vlasov with Λ > 0 in the spatially homogeneous setting was
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established, and this was extended to the massless case by [22]. The late-time
asymptotics for massive homogeneous solutions of the Einstein-Vlasov system
are well studied close to self-similar and non self-similar solutions [6, 12, 15].
In [17] a set of conditions was given for long-time existence of various matter
models with spatial homogeneity, and massive Vlasov was identified as a case
satisfying these conditions. It is possible to verify that massless Vlasov satisfies
conditions (1),(2) and (7) in [17], so that this model should also allow a proof
of long-time existence even if Λ = 0. That is what we consider in this article,
in the first instance restricting to Bianchi type I. Note that this is not a spe-
cial case of [9] as here there is no assumption of asymptotic flatness. However
this assumption means that, with the restriction to a spatially-homogeneous
distribution function, the Vlasov equation is automatically solved by a distribu-
tion function f(p1, p2, p3) where the pi are conserved quantities for the geodesic
equation obtained from the three translational Killing vectors. Assuming that
the anisotropy of both metric and energy-momentum tensor is small we are able
to show that the space-time tends to a radiation fluid in an Einstein-de Sitter
space-time. In other words the space-time isotropises in the metric and the
energy-momentum tensor. These results are made precise in Theorem 1 in Sec-
tion 3. That this happens was already shown for Bianchi I LRS [19] and Bianchi
I reflection symmetric space-times [18, 8]. In [4] decay rates for the reflection
symmetric case were obtained and a formalism developed which will likely to
be useful in the non-homogeneous case. Here we extend the former results to
the case where no additional symmetries other than Bianchi I are imposed and
we also obtain the optimal decay rate at which this happens.
2 The massless Einstein-Vlasov system
In this section we introduce the massless Einstein-Vlasov system. Consider a
four-dimensional oriented and time oriented Lorentzian manifold (M, 4g) and a
distribution function f , then the massless Einstein-Vlasov system is written as
Gαβ = Tαβ ,
Lf = 0,
where L is the Liouville operator, Gαβ is the Einstein tensor and Tαβ is the
energy-momentum tensor defined by
Tαβ =
∫
H\{0}
fpαpβωp.
Here, the integration is over the future pointing light-cone H at a given space-
time point which is defined by
pαpβg
αβ = 0, p0 > 0
with the apex removed, and ωp is the Lorentz invariant measure on the light-
cone of p. The basic equations we shall use can be found in Sections 7.3–7.4 and
Chapter 25 of [20]. We also refer to this book for an introduction to the Einstein-
Vlasov system. Let Σ be a spacelike hypersurface inM with n its future directed
unit normal. We define the second fundamental form as k(X,Y ) = 〈∇Xn, Y 〉
2
for vectors X and Y tangent to Σ, where ∇ is the Levi-Civita connection of 4g.
Here and throughout the paper we assume that Greek letters run from 0 to 3,
while Latin letters from 1 to 3, and also follow the sign conventions of [20].
The Hamiltonian and momentum constraint equations are, as usual:
R− kijkij + k2 = 2ρ,
∇jkji −∇ik = −Ji,
where g is the induced metric on Σ, k = kabg
ab the trace of the second fundamen-
tal form, R and ∇ the scalar curvature and the Levi-Civita connection of g re-
spectively, and matter terms are given by ρ = Tαβn
αnβ and JiX
i = −TαβnαXβ
for X tangent to Σ.
2.1 The massless Einstein-Vlasov system with Bianchi I
symmetry
The metric of a Bianchi spacetime in a left-invariant frame is written as
4g = −dt⊗ dt+ gij(t)ξi ⊗ ξj
on M = I ×G with e0 future oriented. We will need equations (25.17)–(25.18)
of [20] (without scalar field) with the notation Tab = Sab and since the 3-metric
is flat for Bianchi I with Rab = R = 0:
g˙ab = 2kab,
k˙ab = 2k
i
akbi − k kab + Sab,
where the dot means the derivative with respect to time t. Note that in the
massless case gabSab = ρ. Since kab = kab(t) the constraint equations are as
follows:
2ρ = −kijkij + k2, (1)
Ji = 0. (2)
The time-derivative of the mixed version of the second fundamental form is
given by
k˙ab = −k kab + Sab , (3)
and by taking the trace of (3) we have
k˙ = −k2 + ρ. (4)
It is convenient to express the second fundamental form as
kab = σab +Hgab,
where σab is the trace free part and H =
1
3
k is the Hubble parameter. Then (4)
becomes
H˙ = −3H2 + 1
3
ρ,
3
and (1) becomes, introducing Ω:
Ω :=
ρ
3H2
= 1− 1
6
F, (5)
where F = σabσ
ab
H2
. In terms of the trace free part (3) transforms into
σ˙ab = −3Hσab + Sab − (3H2 + H˙)δab = −3Hσab + πab ,
where πab is the trace free part of S
a
b . By (1) one can eliminate the energy
density such that (4) reads:
k˙ = −1
2
k2 − 1
2
kijk
ij . (6)
Using the trace free part of kab, the Hubble variable and (5) we obtain
d
dt
(
1
H
)
= − H˙
H2
= 2 +
1
6
F = 3− Ω. (7)
It is convenient to introduce a dimensionless time variable τ as follows:
dt
dτ
= H−1, (8)
and denote derivation with respect to that variable by a prime. Sometimes it is
also useful to use the variable q:
q = −1− H˙
H2
= 1+
1
6
F,
where we have used (7) in the last equation. The evolution equation for Σba =
σb
a
H
is
(Σab )
′ = −
(
3 +
H˙
H2
)
Σab +
Sab − 13δab ρ
H2
.
Using (7) and (5) we have
(Σab )
′ = −Ω (Σab − 3wab + δab ) , (9)
with wab =
Sa
b
ρ
. Since Σab is trace free it is convenient to work with Σ+ and Σ−
defined by
Σ+ =
1
2H
(
σ22 + σ
3
3
)
, Σ− =
1
2
√
3H
(
σ22 − σ33
)
.
The evolution equations for Σ− and Σ+ can be found in [12]. We use the
constraint equation to substitute 1
H2
in S± and define w± analogously to Σ± by
w+ =
π22 + π
3
3
2ρ
, w− =
π22 − π33
2
√
3ρ
,
Our equation are thus
Σ′+ = (q − 2)Σ+ + 3w+Ω, (10)
Σ′− = (q − 2)Σ− + 3w−Ω. (11)
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2.2 The Vlasov equation with Bianchi symmetry
Since we use a left-invariant frame, and assume spatial homogeneity, f will
not depend on xa. Moreover for Bianchi I the components pa of momenta in
the invariant frame are constants of motion for the geodesic equation, so that
the distribution function can be taken to be f(p1, p2, p3) with no explicit time
dependence. We will assume that f has compact support in momentum for
simplicity. Since g00 = g
00 = −1 and g0a = 0, we have p0 = −p0 =
√
papbgab,
ρ = T00, and Ja = −T0a = 0. The frame components of the energy-momentum
tensor are thus
ρ = (det g)−
1
2
∫
fp0dp, Sij = (det g)
− 1
2
∫
f
pipj
p0
dp,
where the distribution function is understood as f = f(p) with p = (p1, p2, p3).
The Vlasov equation is simply
∂f
∂t
= 0. (12)
Consider the derivative of the following quantity:
wji =
Sji
ρ
=
∫
fpipag
aj(p0)−1dp∫
fp0dp
. (13)
The derivative of wji with respect to τ is
(wji )
′ = −2wai Σja + wbaΣabwji +Σcdξjdic , (14)
where
ξjdic =
∫
fpip
jpcp
d(p0)−3dp∫
fp0dp
. (15)
The derivative of ξjdic is
(
ξjdic
)′
= −2Σdfξjfic − 2Σjfξfdic + 3Σab
∫
fpip
jpcp
dpap
b(p0)−5dp∫
fp0dp
+ ξjdic w
b
aΣ
a
b . (16)
As one can see from the last equation, our system is not closed. The deriva-
tive of ξjdic involves higher momentum terms.
3 Main result
We will consider that we are close to the case that gab and f are isotropic.
In that case ξjdic takes some specific values which we will denote by ξˆ
jd
ic Let us
consider the trace free part w˜ij = w
i
j − 13δij and define ξ˜jdic = ξjdic − ξˆjdic . Then
(14) turns into
(w˜ji )
′ = −2
3
Σji − 2w˜ai Σja + w˜baΣab (w˜ji +
1
3
δji ) + Σ
c
d
(
ξ˜jdic + ξˆ
jd
ic
)
. (17)
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For the diagonal terms we have
w′+ = −
2
3
Σ+ − w˜a2Σ2a − w˜a3Σ3a + w˜baΣab
(
w+ +
1
3
)
+
1
2
Σcd
(
ξ˜2d2c + ξˆ
2d
2c + ξ˜
3d
3c + ξˆ
3d
3c
)
,
w′− = −
2
3
Σ− − 1√
3
(w˜a2Σ
2
a − w˜a3Σ3a) + w˜baΣabw− +
1
2
√
3
Σcd
(
ξ˜2d2c + ξˆ
2d
2c − ξ˜3d3c − ξˆ3d3c
)
.
In the isotropic case gij = R
2δij . The factor R
2 will disappear in that case
in ξjdic due to cancellation, which means the expression is basically an Euclidean
one. Denoting by a hat the isotropic case we have
ξˆjdic = δ
jaδdb
∫
fˆ pipapcpb|p|−3dp∫
fˆ |p|dp ,
with |p| =
√
papbδab. For that case the different integrals which can appear are
I0 =
∫
fˆ |p|dp, I1 =
∫
fˆ p41|p|−3dp =
1
5
I0, I3 =
∫
fˆp21p
2
2|p|−3dp =
I0
15
I2 =
∫
fˆp31p2|p|−3dp = 0, I4 =
∫
fˆ p21p2p3|p|−3dp = 0.
Suspending the Einstein summation convention for the next two equations, the
only non-vanishing expressions are
ξˆaaaa =
1
5
, a = 1, 2, 3
ξˆabab = ξˆ
ba
ab = ξˆ
bb
aa =
1
15
, a 6= b, a, b = 1, 2, 3.
To summarize, our system is
(Σab )
′ = −Ω (Σab − 3w˜ab ) , (18)
(w˜ji )
′ = −2
3
Σji − 2w˜ai Σja + w˜baΣab (w˜ji +
1
3
δji ) + Σ
c
d
(
ξ˜jdic + ξˆ
jd
ic
)
. (19)
For the diagonal terms we have
Σ′+ = Ω(3w+ − Σ+) , (20)
Σ′− = Ω(3w− − Σ−) . (21)
Lemma 1. Consider the massless Einstein-Vlasov system with Bianchi I sym-
metry. Suppose Σab (τ0) = ǫΣ, w˜
j
i (τ0) = ǫw, and ξ˜
jd
ic (τ0) = ǫξ are small initially.
Then the following estimates hold:
Σab = O(ǫe
− 1
2
τ ), (22)
w˜ji = O(ǫe
− 1
2
τ ), (23)
where ǫ only depends on ǫΣ and ǫw.
Proof. Let us assume for an interval [τ0, τ1) that
Σab = ǫe
− 1
4
τ , (24)
w˜ji = ǫe
− 1
4
τ . (25)
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From (15) we have the following bound using the fact the higher order mo-
menta terms are bounded by ρ since pap
b ≤ C(p0)2:∫
fpip
jpcp
dpap
b(p0)−5dp∫
fp0dp
≤ C
∫
fpip
jpcp
d(p0)−3dp∫
fp0dp
= Cξjdic . (26)
Similarly ξjdic is also bounded since
ξjdic ≤ C
∫
fpip
j(p0)−1dp∫
fp0dp
≤ C. (27)
Using assumption (24) for Σab and (26)-(27) that(
ξjdic
)′
≤ C|Σab | ≤ ǫe−
1
4
τ ,
for all indices. The same bound holds for
(
ξ˜jdic
)′
. Integrating we obtain that
ξ˜jdic (τ) ≤ ξ˜jdic (τ0) + Cǫ. (28)
This means that this quantity does not necessarily get smaller, but we can bound
it by a small quantity.
If we focus on the first order terms in (18) and (19) we have that
(Σab )
′ = −Σab + 3w˜ab +OΣ, (29)
(w˜ji )
′ = −2
3
Σji +Σ
c
dξˆ
jd
ic +Ow, (30)
with
OΣ =
1
6
ΣabΣ
b
a (Σ
a
b − 3w˜ab ) ,
Ow = −2w˜ai Σja + w˜baΣab (w˜ji +
1
3
δji ) + Σ
c
dξ˜
jd
ic .
The diagonal terms for Σab can be expressed by Σ±, so that
Σ′+ = −Σ+ + 3w+ +OΣ, (31)
Σ′− = −Σ− + 3w− +OΣ. (32)
Since most of the quantities ξˆjdic vanish we have simple expressions. The
expressions can be separated into diagonal and non diagonal terms. For w± we
obtain
w′+ = −
8
15
Σ+ +Ow, (33)
w′− = −
8
15
Σ− +Ow. (34)
This means we have the same system for Σ±w±, namely
(
Σ±
w±
)′
=
( −1 3
− 8
15
0
)(
Σ±
w±
)
+
(
OΣ
Ow
)
, (35)
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The non-diagonal terms satisfy for any i 6= j


Σji
Σij
w˜ji
w˜ij


′
=


−1 0 3 0
0 −1 0 3
− 9
15
1
15
0 0
1
15
− 9
15
0 0




Σji
Σij
w˜ji
w˜ij

+


OΣ
OΣ
Ow
Ow

 . (36)
As one can see from this, except for the error term, the diagonal and the
non-diagonal part are independent.
Consider the diagonal case first. The eigenvalues of the linearised system
are:
λ =
1
10
(−5± i3
√
15).
Making the canonical transformation to
Y =
(
Σ¯±
w¯±
)
= P−1
(
Σ±
w±
)
, (37)
with
P−1 =
(− 16
135
√
15 1
9
√
15
0 1
)
(38)
we obtain
Y
′ =
1
10
( −5 −3√15
3
√
15 −5
)
Y +
(
OΣ +Ow
Ow
)
. (39)
Defining
R = ‖Y‖2,
we obtain
R′ = −R+ ‖Y‖(Ow +OΣ).
Introducing spherical coordinates for Σ¯± and w¯± we obtain the desired estimate
for the diagonal components up to an epsilon, since the error term ‖Y‖(Ow+OΣ)
is of third order and we can choose the initial value for ξjdic (τ0) smaller than ǫΣ.
Choosing ǫΣ and ǫw small enough we have improved the bootstrap assumptions
(24)-(25) for the diagonal components. For the non-diagonal components we
obtain the eigenvalues
λ =
1
2
(−1± i
√
7),
1
10
(−5± 3i
√
15).
Proceeding as for the diagonal components we obtain the desired estimates for
the non-diagonal ones up to an ǫ as well. Now we can do another loop as for
instance in Section 5 of [14] to get rid of the epsilon and thus to obtain the
desired estimates.
Based on the previous lemma we can obtain estimates of other variables.
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Lemma 2. Consider initial data which correspond to a massless solution of the
Einstein-Vlasov system with Bianchi I symmetry which expands initially, i.e.
H(t0) > 0 and satisfies the conditions of Lemma 1, then
H =
1
2
t−1(1 +O(ǫ2t−
1
2 )), (40)
gab = t(Gab +O(ǫt
− 1
4 )), (41)
gab = t−1(Gab +O(ǫt−
1
4 )), (42)
where Gab and G
ab are constant matrices and ǫ a small quantity.
Proof. From (7) we obtain
1
H
≤ 3(t− t0) + 1
H(t0)
. (43)
Using (8) and setting t0 = 1/(2H(t0)) we obtain
dt
dτ
≤ 3t (44)
Integrating and doing some computations we obtain
e−τ ≤ Ct− 13 . (45)
From (7) we also obtain
H =
1
2
t−1
1
1 + 1
2
t−1I
, (46)
with
I =
1
6
∫ t
t0
ΣbaΣ
a
b (s)ds. (47)
Using now (45) we obtain
I ≤ Cǫ2t 23 . (48)
As a result we obtain the estimate for H
H =
1
2
t−1
(
1 +O
(
ǫ2t−
1
3
))
. (49)
Using this in (8) again we obtain
e−τ ≤ Ct− 12 .
Doing another loop of the computations we obtain the desired estimate of H .
To obtain the estimate of gab we do the same computations as in [11] concerning
the estimate of the metric. Note that
|H − 1
2
t−1| ≤ Cǫ2t− 32 (50)
(σabσ
ab)
1
2 ≤ Cǫt− 54 , (51)
and the estimate for gab and g
ab follow by the same computations as in [11].
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Let us summarize our results in the following theorem:
Theorem 1. Consider initial data which correspond to a massless solution of
the Einstein-Vlasov system with Bianchi I symmetry which expands initially,
i.e. H(t0) > 0. Suppose Σ
a
b (τ0) = ǫΣ, w˜
j
i (τ0) = ǫw, and ξ˜
jd
ic (τ0) = ǫξ are small
initially. Then the following estimates hold:
Σji = O(ǫt
− 1
4 ), (52)
w˜ij = O(ǫt
− 1
4 ), (53)
H =
1
2
t−1(1 +O(ǫ2t−
1
2 )), (54)
gab = t(Gab +O(ǫt
− 1
4 )), (55)
gab = t−1(Gab +O(ǫt−
1
4 )), (56)
where ǫ only depends on the initial data.
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